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ABSTRACT: Enthalpy recovery data on poly(ether imide) from differential scanning calorimetry (DSC)
is fit using the Moynihan-Tool-Narayanswamy model of structural recovery. A self-consistent
phenomenological equation is used to describe the experimentally observed structure and temperature
dependence of the relaxation time in both glass and equilibrium regimes. Temperature gradients in the
DSC sample are calculated based on the thermal diffusivity of the material and are, for the first time,
incorporated into the model calculations. When no thermal gradients are assumed, model parameters
are found to vary with thermal history despite the use of the self-consistent equation for the relaxation
time. There is also a discrepancy between experimental data and model calculations with respect to the
shape of the DSC annealing peaks. Accounting for the presence of thermal gradients in the DSC sample
is found to affect the values of the model parameters needed to fit the data. However, thermal gradients
are unable to account for the thermal history dependence of the model parameters or for the discrepancy
between observed and calculated shapes of DSC annealing peaks.

Introduction
Mathematical models of structural recovery1-7 have

been successful in predicting the behavior of glass-
forming materials and for providing a physical under-
standing of that behavior. The models are capable of
describing manifestations of the glassy response such
as the rate dependence of Tg, structural recovery, the
asymmetry of approach to equilibrium,2 and the results
of differential scanning calorimetry (DSC) enthalpy
recovery experiments.8-10 However, there are unre-
solved issues pertaining to the models,4,7,11 including an
apparent dependence of model parameters on thermal
history. A recent discussion meeting at an international
conference on glasses12 was devoted to identifying these
problems. Possible reasons for the problems may be (1)
the presence of thermal gradients,13,14 (2) an inconsis-
tent equation for describing the effects of temperature
and structure on the relaxation time, or (3) incorrect
representation of structural recovery using the Kohl-
rausch-William-Watts (KWW)15,16 function.4 In this
work, we show that the first two issues identified are
not responsible for the discrepancies noted. This is
important because it implies that future modifications
of the model must deal with other issues, such as the
adequacy of the KWW representation.
The presence of thermal gradients in differential

scanning calorimetric measurements was suggested to
be a factor in discrepancies between experimental data
and model calculations by Hodge and Huvard in the
early 1980s.14 The researchers used Moynihan’s for-
mulation3 of the Tool-Narayanaswamy model and
found good agreement between calculated and observed
values for the magnitude and placement of annealing
peaks at low degrees of annealing (small overshoot
peaks at Tg) using a single set of model parameters.
However, for high degrees of annealing (large over-
shoots), calculations using the same model parameters
overpredicted the magnitude of annealing peaks. The
researchers postulated that these differences might be
attributable to thermal lag effects.
Several years later, Hutchinson and co-workers15 also

ascribed deviations in DSC measurements to thermal

lag effects. In their work, they found that as cooling
and heating rates were increased, at a constant ratio of
the two rates, DSC annealing peaks broadened and
flattened, whereas the KAHR model2 and the Tool-
Narayanaswamy model17 predict that the shape of the
curves should be the same when the ratio of cooling to
heating rates is held constant. Hutchinson et al. then
developed a correction for DSC data based on the
assumption that the model is correct and that the
deviations observed between experimental data and
calculations are due to thermal lag.
More recently, O’Reilly and Hodge18 found that model

parameters varied with thermal history even for rela-
tively slow heating rates (1.25 °C/min) where thermal
gradients were assumed to be negligible. Their results
indicate that thermal gradients cannot account for all
of the shortcomings of the model. In this work, we go
one step further and determine the effect of thermal
gradients on the shape of calculated enthalpy recovery
curves for typical heating rates (10 °C/min) by incorpo-
rating thermal gradients into the model.
There are two thermal effects which could impact the

agreement between calculated and experimental heat
capacity curves. The first is the thermal resistance
between the sample and DSC instrument.4,14,19-21 This
effect is not addressed in this work since thermal
resistance can be minimized by using a silicon grease
with a high thermal conductivity between the sample
pan and furnace, by insuring that the sample pan is flat
and that the sample is in good contact with the pan,
and by using proper calibration procedures.4 The effects
of thermal gradients in the sample, on the other hand,
are of interest. Such gradients have been estimated by
various researchers by placing melting standards above
and below the sample in the DSC pan and measuring
the differences in the observed melting tempera-
tures.4,14,22,23 The difference between the melting tem-
perature of the standard on the bottom and top of the
sample pan is generally reported to be on the order of 1
°C and to increase with increased rate of heating.4,14,22,23
Another technique19 for estimating thermal lag involves
equilibration of the sample at an initial temperature
followed by a temperature ramp to a second tempera-
ture. The time lag for the heat flow to return to steadyX Abstract published in Advance ACS Abstracts, June 1, 1997.
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state at the second temperature is indicative of the
thermal lag in the sample and was reported19 to increase
with sample size, heating rate, and temperature. Using
this method, the thermal lag at 16 °C/min was found19
to range from 2.7 to 3.6 °C for a 66 mg sapphire disk at
temperatures from 350 to 750 K.
In the present work, we first review the Tool-

Narayanswamy model of structural recovery; then we
present analytical and numerical solutions for the
temperature profile in the DSC sample. We then
incorporate the calculated temperature gradient into the
model of structural recovery and fit new experimental
DSC data for poly(ether imide) with the modified model.
We will compare the fit of the modified and unmodified
models and show that incorporating thermal gradients
does not significantly impact the fit of the model to
experimental data although it does impact the values
of the fitting parameters obtained.

Tool-Narayanaswamy Model of Structural
Recovery
Models of structural recovery are based on work done

originally by Narayanaswamy1 and account for both the
nonlinearity and the nonexponentiality of the process.
Moynihan's formulation3 of the Tool-Narayanaswamy
model is used here; a brief description follows. In
Moynihan’s equations, the fictive temperature, Tf, orig-
inally defined by Tool,24 is used as a measure of the
structure of the glass. The evolution of fictive temper-
ature is both nonlinear and nonexponential and is
represented by the generalized KWW15,16 function

The nonexponentiality of the process is described by â;
the nonlinearity is incorporated into the model by
allowing the relaxation time τo to be a function of both
temperature and structure (Tf). Equation 1 is solved
numerically for a given thermal history which begins
at a temperature To above Tg

where Tf,n is the fictive temperature after the nth
temperature step, ∆Ti is the temperature step, and q is
the rate of the DSC temperature ramp experiment
which is being modeled. In this work, the temperature
steps are taken to be 1 K in the equilibrium regime and
deep in the glass, and 0.25 K in the glass transition
region where enthalpy recovery is observed.
Equation 2 describes the evolution of the fictive

temperature as a function of time in a specified thermal
history consisting of cooling and heating ramps. To
compare the calculation to experimental DSC data, the
heat capacity is calculated from the temperature deriva-
tive of the fictive temperature25

where Cpg(T) is the glass heat capacity and ∆Cp(Tf) is
the difference between the liquid and glass heat capaci-
ties extrapolated to temperatures T and Tf, respectively.
The assumption that ∆Cp(T) ) ∆Cp(Tf) is often used in
calculating the normalized heat capacity since the error
entailed is generally less than 10%. However, for large

annealing peaks, a change in the maximum height of
the annealing peak by 10% can significantly affect the
value of the parameters needed to fit the curve;4 hence,
eq 3 is used in this work.
A phenomenological equation relating the relaxation

time τï to temperature and structure (Tf) is needed to
perform the model calculations. The Tool-Narayana-
swamy equation1 is an Arrhenius-like equation, and
although it is widely used, it is unable to describe the
observed Vogel-Tammann-Fulcher26 (WLF27) behavior
in the equilibrium limit when Tf ) T. Hence, an
equation derived by Sherer,28 based on Adam and Gibbs’
approach,29 is used in this work

or

where D/Ra, b/a, T2, and ln τo,ref are treated as fitting
parameters, and ln aT is the temperature shift factor.
Sherer’s equation is derived assuming that ∆Cp is
related to the configurational entropy and that it is a
linear function of temperature. According to the deriva-
tion, the constants a and b in the above equation would
be given by ∆Cp(T) ) a + bT. However, DiMarzio and
Dowell30 have shown that the configurational portion
of the heat capacity change at Tg is on the order of 75%
of the total change; Goldstein31 and Roe32 have also
shown that the configurational portion of the heat
capacity change at Tg can be much smaller than the
total value. Hence, it is not expected that the temper-
ature dependence of the configurational portion of the
change in heat capacity will necessarily be the same as
the temperature dependence of the total change in heat
capacity. Further, the value of ∆Cp has an error of
approximately ten times the errors in the glass and
liquid heat capacities, Cpg and Cpl, respectively, since
the absolute errors in Cpg and Cpl are additive and the
value of ∆Cp is approximately ten times smaller than
that of Cpg and Cpl for PEI (see later). For these reasons,
the value of b/a is taken as a fitting parameter rather
than as an experimentally determined value.
The parameters D/Ra, b/a, and T2 are determined

from data previously published33 in which enthalpy,
volume, and creep recovery measurements for poly(ether
imide) were reported at various temperatures. Time-
temperature superposition of the normalized data re-
sulted in reduced curves and gave the temperature
dependence of the shift factor (log aT) in the equilibrium
regime where T ) Tf. A time-temperature reduction of
the nonnormalized enthalpy data also gave a reduced
curve and the temperature dependence of the shift
factor at constant Tf. The fit of eq 5 to the described
shift factor data is shown in Figure 1, whereD/Ra )780,
b/a ) -1/580 K and T2 ) 152.6 °C. The reference
temperature is 207.5°C. Other phenomenological equa-
tions reported in the literature were tested for their

dTf

dT
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ability to fit the shift factor data in Figure 1; the
equations by Tool-Narayanswamy,1 Hodge,34 Mat-
suoka,35 and Spathis36 were found to be incapable of
describing the data with only one set of parameters.
The presence of a thermal gradient in the sample was

incorporated into the Moynihan-Tool-Narayanaswamy
model of structural relaxation by calculating the fictive
temperature at several points in the sample and aver-
aging the response. Although it is possible to calculate
the temperature profile in the sample within the
structural recovery calculation, the two operations were
accomplished independently in this work for simplicity.
First, the temperature profile and average temperature
in the DSC sample were calculated as a function of
program temperature for a given thermal history, as
described below. Then the structural recovery was
calculated at various points in the sample and averaged
to give the sample response at the program temperature
Tp, (dTf/dT)Tp

where ê is the normalized distance from the bottom to
the top of the sample.

Analytical ResultssCalculation of Temperature
Profile
The temperature profile in the DSC sample is deter-

mined analytically for the ideal case in which the top
and bottom of the sample pan are assumed to be
maintained at the program temperature (Tp). The one-
dimensional heat conduction equation,37 in which radial
heat transfer is neglected, is used to estimate the
temperature profile in the sample

where κ is the thermal conductivity, F is the density,
and Cp is the heat capacity of the material. If the
thermal diffusivity (k ) κ/FCp) is assumed to be a
constant, the heat conduction equation can be solved
analytically for the temperature profile during a single
temperature ramp for the ideal case

where L is the height of the sample,m is the ramp rate,
k is the thermal diffusivity, t is the time from the start
of the ramp, and x is the distance from the bottom of
the sample. See Appendix for derivation.
The thermal conductivity and heat capacity were

assumed to be independent of temperature for the
analytical solutions. This is not observed experimen-
tally; instead, the thermal conductivity shows a down-
ward step change as the temperature is increased
through Tg, and the heat capacity shows an upward step
change. The step change in thermal diffusivity for PEI
at Tg cannot be calculated because the step change in
thermal conductivity at Tg has not been measured and
is not reported in the literature. Sufficient data is,
however, available for polystyrene; on the basis of
literature values of polystyrene’s density,38 heat capac-
ity,39 and thermal conductivity,40 the decrease in ther-
mal diffusivity at Tg is 50%.
The heat conduction equation is also solved numeri-

cally for the ideal and nonideal cases in which the
thermal diffusivity of PEI is assumed to decrease by 50%
through Tg. The numerical calculation is carried out
by taking small time and position steps:

To obtain the above equation from the heat conduction
equation, it was assumed that the thermal conductivity
is not a function of position in the sample, i.e., (∂/∂x)
κ(∂T/∂x) ) κ(∂2T/∂x2). This assumption is obviously valid
in the glassy and equilibrium states where the thermal
conductivity is not a strong function of temperature; it
was found to also be a good approximation in the
transition range, resulting in an error of less than 10%
in this regime. The numerical calculations are stable
when k∆t/(∆x)2 e 0.5. In the work presented, the
sample was divided into 10 steps, so ∆x was taken to
be 10%L ()0.1 mm) for the 1.0 mm sample modeled. A
time step, ∆t, of 0.147 s ) 0.5(∆x)2/k was used to insure
agreement between numerical and analytic solutions for
the case where k is constant and equal to the glassy
value ()0.00034 cm2/s based on the literature value of
the thermal conductivity41 and the values of the density
and heat capacity obtained experimentally).
Figure 2 shows the ideal temperature profiles in a

DSC sample during heating at 10 °C/min from far below
Tg to above Tg at various temperatures. Two calcula-
tions are shown: the analytical one in which the
thermal diffusivity was assumed to be independent of
temperature and equal to the glassy value and the
numerical calculation in which the thermal diffusivity
was assumed to decrease by 50% through the glass
temperature. In Figure 2, the calculated temperature
difference between the program and sample tempera-
ture is shown as a function of distance from the sample
pan bottom for various program temperatures. As
expected, the temperature profiles are symmetric due
to the assumption that the top and bottom of the sample
were both maintained at the program temperature.
When the thermal diffusivity is independent of temper-

Figure 1. Temperature dependence of the shift factors
obtained in previous work.33 The equilibrium shift factors were
obtained by time-temperature superposition of normalized
enthalpy, volume, and creep recovery measurements taken at
various temperatures. The isostructural (constant Tf) shift
factors were obtained by time-temperature superposition of
fictive temperature vs log time curves at various temperatures.
Both curves are fit by Sherer’s equation using one set of
parameters.
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ature, the temperature profile is the same at all tem-
peratures, showing a maximum temperature lag in the
center of the sample of 0.6 °C, with the average sample
temperature being 0.4 °C lower than the program
temperature. The analytical and numerical calculations
agree in this regime. On the other hand, when the
thermal diffusivity was assumed to decrease by 50%
through Tg, there is a corresponding increase in the
thermal lag at the center of the sample above Tg to a
value of 1.2 °C, with the average sample temperature
being 0.8 °C lower than the program temperature. It
is reiterated that these results are for the ideal case and
are conservative estimations of the thermal gradients
in the sample.
Now that we have calculated the temperature profiles

in the sample for the ideal temperature gradient, we
can use the structural recovery model coupled with eq
6, to calculate the response of the sample to a temper-
ature ramp. This methodology assumes that the ramp
rate that the sample sees is constant (i.e., the rate of
temperature change within the sample is not a function
of position). This assumption is valid: the temperature
profile calculations, shown in Figure 2, indicate that the
temperature profile in the sample is independent of
temperature in the glass and equilibrium regimes and
changes over a 15 °C range in the transition region. All
parts of the sample, then, experience the same ramp
rate in the glass and equilibrium regions, and the ramp
rate through the transition region deviates by only 5%
from that of the program temperature for cooling or
heating rates of 10 °C/min. It is noted that there is an
initial lag at the beginning of a heating or cooling ramp
before the steady state temperature profile is reached.
During this initial period, the heating or cooling rates
will differ throughout the sample. The magnitude of
the lag increases with heating or cooling rate, and was
calculated to be less than 10 °C for rates of or below
(30 °C/min for PEI. The initial lag was not incorpo-
rated into the calculations because the upper and lower
temperature limits are high and low enough, (being 50
°C above and 110 °C below Tg, respectively) that the
steady state profile is reached before vitrification occurs
on cooling and before enthalpy recovery begins on
heating. In the event that different parts of the sample
see different heating and/or cooling rates, the calcula-

tions need to take this into account through the param-
eter q in eq 2, which would need to be the heating or
cooling rate experienced by the sample at position x.

Experimental Procedure
Poly(ether imide) (PEI), an amorphous engineering ther-

moplastic, Ultem 1000 from General Electric, was used. Its
chemical structure is shown below.

The material has a glass temperature of approximately 206
°C at a cooling rate of 0.25 °C/min based on dilatometric
measurements.42 The number average molecular weight of the
material is 45 000 with a polydispersity index of 2.0, based
on a room temperature gel permeation chromatography mea-
surement in 1-methyl-2-pyrrolidinone using polystyrene stan-
dards for calibration.
A Perkin-Elmer DSC 7, equipped with a custom-designed

water cooling system which yields a stable and reproducible
baseline, was used to determine the heat capacity of the poly-
(ether imide) in the glass and equilibrium regimes during
cooling at rates of 10, 20, and 30 °C/min. The runs were made
under nitrogen purge. One sample weighing 10 mg was used.
The weights of sample and reference pans were matched to
within 0.01 mg. The temperature and heat flow of the
instrument was calibrated on cooling using a liquid crystal,
N-(4-(n-octyloxy)-2-hydroxybenzal)-4′-n-butylaniline,43 which
does not undercool. Calibration of the absolute heat capacity
was performed, also on cooling, using corundum (synthetic
sapphire).
The same Perkin-Elmer DSC 7, equipped with a custom-

designed water cooling system, was used to measure enthalpy
recovery during heating at 10 °C/min after cooling from 240
to 100 °C at six rates ranging from 0.1 to 30 °C/min. For these
measurements, indium was used to calibrate the temperature
and heat flow on heating at 10 °C/min. The baseline stability
was such that the six scans could be superposed in both glass
and liquid regions with simply a vertical shift.
The sample is thermally stable in the temperature range

studied, and the physical aging phenomena is physically
reversible by heating to 240 °C. These points are confirmed
by the fact that the fictive temperature obtained on heating
after a given cooling rate from 240 °C is unchanged before and
after the experiments are performed.

Results
Measurement of Heat Capacity. The heat capac-

ity in the glass and liquid states is needed to transform
the calculated normalized heat capacity to the nonnor-
malized value (through eq 3) in order to compare
calculations to experiment. The values of Cpg and Cpl
were found to not depend on cooling rate for the cooling
rates studied and to be reproducible for the three runs
to within 2%:

The change in ∆Cp(T) at T, needed to convert the
calculated normalized heat capacity to the heat capacity
(see equation 3) is determined by difference of equations
(13) and (12), respectively:

Figure 2. The temperature profile during heating at 10 °C/
min after cooling at 0.1 °C/min for the ideal case where the
top and bottom of the sample are assumed to be at the program
temperature. The y-axis is normalized distance from the
bottom of the sample (ê ) 0 is the sample bottom, ê ) 1 is the
sample top). The x-axis gives the difference between the
program temperature and the sample temperature. The tem-
perature profile is independent of temperature in the glassy
state (T e 210 °C). The thermal lag increases as the temper-
ature rises through Tg. The profile is independent of temper-
ature in the equilibrium region (T g 240 °C).

Cpg(T) ) 0.94 + 0.0034T (°C)
from 125 to 165 °C (J/(g °C)) (12)

Cpl(T) ) 1.51 + 0.0017T(°C)
from 230 to 285 °C (J/(g °C)) (13)

∆Cp(T) ) Cpl(T) - Cpg(T) )
0.57 - 0.0017T(°C) (J/(g °C)) (14)
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Since the value of ∆Cp is based on extrapolation of the
glass and liquid heat capacities to Tg, eq 14 is expected
to only be valid near Tg. The apparent linear temper-
ature dependence of ∆Cp(T) is obtained simply because
Cpg and Cpl have linear temperature dependences in the
range measured. The real temperature dependence of
∆Cp has been suggested to be somewhere between a
hyperbolic temperature dependence and no temperature
dependence.4

Data for the heat capacity of poly(ether imide) ob-
tained by DSC during heating has been tabulated by
Hay et al.44 for an unspecified thermal history and DSC
heating rate. The value of ∆Cp(Tg) reported in the
present work obtained on cooling rather than heating
is within 2% of their value, and the absolute values of
Cp are within 10% of their values over the temperature
range they studied. If the difference in Tg is accounted
for, the differences in Cp are considerably less. The
temperature dependence of the rubbery heat capacity
does differ between the two papers, and it is not clear
why although our data cover a significantly broader
temperature range.
We note that, in this present study, the same sample

and the same heating rate were used for all experi-
ments. Hence, any errors in Cp will be systematic
errors. Such errors may affect the absolute value of the
model parameters needed to fit the data since the heat
capacities in liquid and glassy states are needed to
translate the normalized heat capacity calculated in the
model to the nonnormalized value. However, any
systematic errors present are not expected to affect the
dependence of the model parameters on thermal history,
the latter of which is the focus of this work.
Structural Recovery. Experimental DSC heating

curves are shown by the data points in Figure 3 for
various cooling rates, ranging from 0.1 to 30 °C/min. For
ease of presentation, not all of the data points obtained
during each scan are shown. The annealing peaks
observed in the DSC heating scans increase and move
to higher temperatures as the cooling rate decreases.
This has been described in detail by other authors.3,7,45
It is emphasized that the annealing peak temperature
does not correspond to Tg but depends on the thermal

history as described by the models of structural recov-
ery.
The fit of the Moynihan-Tool-Narayanswamy model,

without the incorporation of temperature gradients, is
also shown in Figure 3. The values of the two model
parameters (τo,ref and â) used to fit each curve were
determined such that the height and placement of the
calculated annealing peak corresponded to the experi-
mentally observed value. The values, particularly â,
depend on the thermal history despite the fact that a
self-consistent equation was used to describe the effects
of temperature and structure on the relaxation time,
as shown in Table 1.
Figure 3 also shows another, albeit relatively minor,

problem with the model calculations in that there
appears to be a deviation between the shapes of the
calculated and experimental peaks: the calculated curve
is shifted above the experimental curve at temperatures
below the peak temperature and the reverse is observed,
above the peak. In other words, the calculation predicts
that enthalpy recovery will begin and end at a temper-
ature lower than that experimentally observed. It is
noted that this latter discrepancy is usually present in
the calculations of other researchers, although depend-
ing on the scale of the presented results, it may not be
very noticeable.
The effect of incorporating a thermal gradient in the

calculation is shown in Figure 4 for cooling rates of
0.1and 1.0 °C/min, respectively. Two calculated curves
are shown for each cooling rate, one incorporating
thermal gradients and the other not. Both calculations,
with and without thermal gradients, were made using
the same set of model parameters (those used in the
calculations in Figure 3). The presence of a thermal
gradient shifts the calculated response to higher tem-
peratures and slightly broadens the response. The
height of the annealing peak is also lowered.

Figure 3. Experimental (data points) and calculated (lines)
enthalpy recovery for heating at 10 °C/min after cooling at
various cooling rates ranging from 0.1 °C/min to 30 °C/min.
Temperature gradients were not incorporated into the calcula-
tions. Model parameters for the calculated curves were deter-
mined such that the height and placement of the annealing
peaks corresponded to the experimentally observed values. In
a previous manuscript,33 similar DSC scans were shown but
as a function of aging time; in that work although the y-axis
read Cp, the value reported was not an absolute heat
capacitysi.e., the y-axis was shifted relative to the absolute
value. The Cp values reported here are correct.

Figure 4. Calculated enthalpy recovery curves for heating
at 10°C/min after cooling at 0.1 and 1.0 °C/min. The results
are shown for two calculations, one incorporating no thermal
gradient and the other incorporating an ideal thermal gradi-
ent. Model parameter values are the same as those used in
Figure 3. Incorporating thermal gradients results in the
annealing peak being shifted to higher temperatures. A slight
broadening of the peak is also observed.

Table 1. Dependence of Model Parameters on Cooling
Rate for Calculations Made without Incorporating

Thermal Gradients

q (°C/min) â τo.ref

0.1 0.322 8000
0.3 0.347 6000
1.0 0.369 7000
3.0 0.406 11000
10.0 0.455 11000
30.0 0.500 13000
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To determine whether thermal gradients in the
sample could account for the deviations observed be-
tween the calculated and experimental curves, the
model parameters were varied in order that the height
and placement of the calculation incorporating the
thermal gradient fit the experimental peak. There is
no significant difference between the calculation as-
suming no thermal gradients and that assuming an
ideal gradient, as shown in Figure 5 with experimental
data for cooling rates of 0.1and 1.0 °C/min (i.e., the two
calculated curves are indistinguishable except for a
slight broadening of the calculated curves incorporating
thermal gradients). In order to match the height and
placement of the observed annealing peak for the cooling
rate of 0.1 °C/min, τo,ref(207.5 °C) was decreased to 5500
s and â was increased slightly to 0.325,46 changes of 30%
and 1%, respectively, compared to the values used in
the calculation without a thermal gradient. Similar
changes in model parameters were found for other
cooling rates. The values are shown in Table 2. Model
parameters still depend on thermal history, and there
is no significant change in shape of the calculated curve
in the area where the calculation and experimental
results differ. Hence, the presence of a thermal gradient
cannot account for the differences in the shape of the
recovery curves predicted by the model and those
observed experimentally.
In summary, the two problems with the model cal-

culations (i.e., the thermal history dependence of model
parameters and the lack of agreement between experi-
ment and model calculations with respect to the shape
of annealing peaks) are found to be unaffected by (1)
use of a self-consistent equation for the relaxation time
and (2) accounting for the effects of thermal gradients.
The results suggest that the KWW representation of
structural recovery should be reevaluated.

Conclusions
Moynihan’s formulation of the Tool-Narayanaswamy

structural recovery model was used to describe enthalpy
recovery DSC data for poly(ether imide) during heating
after cooling at various rates. A self-consistent equation
was used to describe the effects of temperature and
structure on the relaxation time with one set of param-
eters capable of describing both glassy and equilibrium
behavior. Despite use of this self-consistent equation,
model parameters were still dependent on thermal
history and there were differences observed between the
shape of experimental DSC annealing peaks and model
calculations. The presence of a thermal gradient was
then incorporated into model calculations. In order to
determine the thermal gradient, analytical and numer-
ical calculations of the temperature profile within the
DSC sample were performed, taking into account the
step change in thermal diffusivity at the glass transi-
tion. Thermal gradients were found to significantly
affect values of τo,ref but not â needed to fit the
experimental curves. Thermal gradients cannot account
either for the dependence of model parameters on
thermal history or for the lack of agreement between
the shapes of experimental and calculated DSC anneal-
ing peaks.
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Appendix: Derivation of Temperature Profile
The heat conduction equation37 governs the change

in temperature in the sample

where κ is the thermal conductivity, F is the density,
and Cp is the heat capacity of the material. Assuming
that the most significant source of heat loss is across
the sample thickness (taken as the x-direction), rather
than radially, the one-dimensional equation can be
solved. Assuming that the thermal conductivity is
essentially the same over the entire sample, as dis-
cussed in the text, the equation is further simplified

or

where k is the thermal diffusivity. The boundary
conditions for the symmetrical case at the top and
bottom of the sample, at x ) 0 and L, respectively, are

where Tp(t) is the program temperature, To is the initial
temperature, and q is the rate of change of temperature
during the DSC run. The initial condition is assumed
to be equal to the initial temperature, although this can
be generalized to be any known function of x, as will be
shown later:

Figure 5. Experimental data (points) for heating after cooling
at 0.1 and 1.0 °C/min. Two calculations are shown for each
cooling rate: one incorporating no thermal gradient (solid line)
and the other incorporating an ideal thermal gradient (dashed
line). Model parameters were determined such that the height
and placement of the annealing peaks corresponded to the
experimentally observed values. No significant difference can
be discerned between the fits of the calculations with and
without thermal gradients.

Table 2. Dependence of Model Parameters on Cooling
Rate for Calculations Made Incorporating Thermal

Gradients

q (°C/min) â τo.ref

0.1 0.325 5500
0.3 0.350 5000
1.0 0.369 4500
3.0 0.408 7500
10.0 0.460 7500
30.0 0.502 10000

∇κ ∇T ) FCp
∂T
∂t

(A1)

κ
∂
2T
∂x2

) FCp
∂T
∂t

(A2)

k∂
2T
∂x2

) ∂T
∂t

(A3)

T(x ) 0) ) Tp(t) ) To + qt (A4)

T(x ) L) ) Tp(t) ) To + qt (A5)
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The solution procedure is similar to that commonly
presented in textbooks,37 with the difference being the
difficulties added by the presence of time-dependent
boundary conditions. To ease in solution of the dif-
ferential equation, the boundary conditions were made
homogeneous by using the following dimensionless
temperature:

The other variables are similarly scaled:

The scaling for time and heating rate implicitly assume
that the thermal diffusivity, k, is independent of tem-
perature. Hence, the problem which must be solved is

The homogeneous problem

was solved by the method of separation of variables.
Letting u(ê,τ) ) X(ê)Τ(τ), the problem was reduced to
solving two differential equations

where To + θτ is substituted for Tp(τ). The variable λ
is the separation constant and is not a function of either
ê or τ. Solving these two equations yields

where the boundary conditions are satisfied with xλ )
nπ, where n ) 0, 1, 2, 3, ... Hence, the solution to the
homogeneous solution is

To solve the inhomogeneous problem, use was made
of the orthogonality of the sine function:

Taking the derivative with respect to τ, and making
substitutions for ∂u/∂τ, as shown below, a differential
equation was obtained for Tn(τ), which is used to
determine the form of cn

where the last step is true only for n ) 1, 3, 5, etc. The
resulting linear first-order differential equation was
solved using an integrating factor to yield:

Applying the initial condition, Tn(τ) ) 0, gives the form
of cn:

Thus, the dimensionless temperature, u, in the sym-
metrical case when the sample temperature is uniform
at the beginning of the scan is given by

with the temperature in the sample given by:
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